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CYLINDRIC COORDINATES OTHERWISE 
LIŠKA Vladimír – VRÁBEĽ Róbert, SR 
 
Abstract 

Substitution method to multidimensional integrals is a powerful tool for 
calculating them, but its routine application can lead to lengthy calculations. This fact 
presents the example of three-dimensional integral, where the area of integration is cone 
with the axis of rotation . xo
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1 Introduction 

Substitution (mapping) to the cylindrical coordinates in the standard form 
referred to in the following format. 

Σ :     
u.z

sin
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=
=
=

φρ
φρ

y
x

                                                                                                (1) 

 Any point [  of space  can be expressed by the new 
coordinates

]0000 ,, zyxX = 3E

0ρ , 0φ and . Thus 0u [ ]0000 ,, uX φρ= , where the of coordinates 0ρ , 0φ  and  
is meaning obvious from Figure 1.1, where 

0u

0φ  is the angle between    and segment, 
which  join the starting of coordinate system with orthogonal projections of points  
to the plane , the point , 

+
xo

0X

xyΠ '
0X 0ρ is the length of this segment and  is  coordinate 

of point  . [1], [2], [3]. 
0u z

0X
 It is easy to verify that the mapping meets the substitution method into three-
dimensional integrals and therefore in general, for an elementary area G and functions 

 the continuous on G holds  f
( ) ( )∫∫∫∫∫∫ =

*

d,sin,cosddd,,
GG

dudufzyxzyxf φρρφρφρ ,                              (2) 

where the closed elemental area  is a solid G  expressed in cylindrical coordinates 
(i.e. in the variables

*G
ρ ,φ ,  or otherwiseu ( ) G=G*Σ ). [1] [2], [3] 

The following example shows the use of substitution in the cylindrical 
coordinates (1).  

Example 1:  Calculate 
 

∫∫∫
G

xdydzxd , 

whereG  is bounded by surfaces 22 zyx +=  and 4=x . 
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Figure 1.1: Definition of cylindrical coordinates. 
Solution: Solid G is part of a cone with the axis of symmetry  (Figure 1.2). 

Orthogonal projection of the solid G  in a plane 
xo

xyΠ  is shown on Figure 1.3. The area 

 may be described as elementary area of the type . *G [ ]uEO ,,ρφ

 

 
Figure 1.2: Solid bounded by surfaces 22 zyx +=  and . 4=x
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Figure 1.3: Orthogonal projection  of the solid G  to the plane . 'G xyΠ

Now we use the substitution theorem to three-dimensional integrals and 
subsequently Fubini’s theorem (the formulations of these theorems can be found in [3]). 
We obtain 
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2 Alternatively cylindrical coordinates  
Calculation of the example 1 is quite lengthy. Counting is simpler by using a 

modified substitution to the cylindrical coordinates 

:*Σ   
.sinz

cos
φρ
φρ

=
=
=

y
ux

                                                                                                           (3) 

On the set [ ] ( ) ) Ru ××∞∈ πφρ 2,0,0,, , the mapping is regular and one – one with 
Jacobian 

( ) 0
0cossin
0sin-cos
100

,,* ≠==∑ ρ
φρφ
φρφφρ uJ .                                                                   (4) 

Then 
( ) ( ) dudufxdydzzyxf

G G

φρρφφρ dsin,cos,d,,
**

∫∫∫ ∫∫∫= .                                                     (5) 

Solution Example 1, by using alternative cylindrical coordinates: 

∫∫∫ ∫∫∫=
G G

duduxdydzx
**

dd ϕρρ . 

The orthogonal projection of the solid G  in the plane yzΠ , determining  the values of 
ρ  and of the φ   area , is shown in Figure 2.1. The area described as the 
fundamental field type 

**G
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The conditions  for mapping *Σ  in  the substitution theorem to the 
multidimensional integrals ( that is regular and one-one) may not be fulfilled at a set 
of measure zero, for example at the border of  (see [3], for example). Then 

*Σ
**G

 

 
 Figure 2.1: Orthogonal projection of the solid G  to the plane. 'G
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3 Conclusion  

From the equality of the above results it follows that calculating example 1 using 
the transformation to cylindrical coordinates is correct for both methods. We see that 
there is quite significant difference in difficulty of solutions. To find a simply solution 
we have to choose the transformation depending on the particular example, what must 
be noted also in the teaching practice itself. 
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