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NOTE ON POLAR COORDINATES
LISKA Vladimir, SR

Abstract

This article deal with a appropriate use of polar coordinates. We show by an example
that routine transformation of Cartesian coordinates to polar coordinates in a two-dimensional
integral can lead to lengthy calculation. Appropriate use of polar coordinates on the same
example will substantially simplify the calculations.
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1 Introduction

Most common transformation (mapping) A4 = CD(A*) Cartesian coordinates to polar
coordinates, which each point 4" =[p,,9,] of the set E, assigns to point 4 = [al,a2] of the
space E is given by equations
X = pcosQ

) o
y=psing

(1

Meaning of polar coordinates is obvious from Figure 1, where p, is the length of
segment, which join the origin of coordinate system with point 4 and ¢, is the angle

between o] and this segment.[1],[2],[3]

al

az

Figure 1: Polar coordinates

This is one-to-one mapping on the set Q" — {[p, ¢] €E,:p>00<p< 27[}, i.e. for
every two different points4,, A4, € G exist the distinct images4,,4,. For Jacoby
determinant hold

cosp — psing

. =p. )
sing  pcose

Jo(0.0)=

If G=CD(G*),G* c Q" is a closed elementary area (i.e. measurable set) and the
function f (x, y) is integrable over area G , then hold
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[]7Gxy)axdy = [[ f(peose. psingV (o, Jdpdo (3)

The following illustrative example is solved by most common using the polar

coordinates.

2 Example

Solve:

j j dxdy

G

where G is area bounded by curve (x—x,)* +y> =r>.

Figure 2: Area bounded by curve (x —x, )’ + y* = r?

Solution (first approach): The area G is a part of Euclidean plane enclosed by circle
with center in the point [x,,0]and radius r, we can see that from figure 2. This area can be

described in the polar coordinates, i.e. G  is given by the inequalities

X, COSQ—+lr’ —xgsin’ @ < p< x,cos@+4/r’ —x; sin’ @

. T . F
—arcsin— < @ < arcsin—.
Xo Xo

Now we integrate by the substitution theorem to two-dimensional integrals
subsequently Fubini’s theorem. We obtain
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arcsm—
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JJasiv=[ pipdo = [ o

I pap = | d(ﬂ[/ﬂ _

—arcsin—
Xo COSP—/ ” 7x§ sin®

Xo

kY
. t="Lsing f, =1
arcsin— r 1
0
. . r
I 2x, cos@yr? —x; sin’ pdp= sinp=t— =2r2Iv1—t2dt=
X
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dt = ﬁcosgz)afqz) t, =1
r

. T r z 2
t =sins S == 2 2 .
sin2s
2 =27’ Icoszsds=r2J‘1+cos2sds:r{s+ } =m’.

dt =cossds s, =—— =z z .

2 2 _Z

2
3 Other transformation to polar coordinates

Now we will solve the same example by using other transformation to the polar
coordinates of the form

O X =pcose
y=x,+psing’

4)
This is one-to-one mapping on the set Q" € (O,oo)x <0, 272). For Jacoby determinant we
have
cosp — psing
Ty (p.0)=| . =p#0. (5)
sing pcose

Solution with alternative transformation (4) (second approach): In new polar
coordinates G = &)[bj by the inequalities where G is given

We obtain
Ljdxdyz[jpdpdwfd(plpdp:fd({%z} 1% {,,2 }

4 Conclusion

We know that the circle surface area is >, which is the result of our example. For
both used transformation to polar coordinates we got the same correct results of our example

However, differences is in the difficulty and length calculation. The second method of
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calculation is considerably simpler. To find a simply solution we have to choose the
transformation depending on the particular example. When explaining the transformation of
Cartesian coordinates to polar coordinates in the two-dimensional integrals, is necessary this
fact show to the students.
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